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We define the new algebra. This algebra has a parameter q. The defining
relations of this algebra at q 1 coincide with the basic relations of the alternat-
ing group. We also give the new subalgebra of the Hecke algebra of type A which
is isomorphic to this algebra. This algebra is free of rank half that of the Hecke
algebra. Hence this algebra is regarded as a q-analogue of the alternating group.
All the isomorphism classes of the irreducible representations of this algebra and
the q-analogue of the branching rule between the symmetric group and the
alternating group are obtained.  2001 Academic Press
1. INTRODUCTION
Frobenius began the study of the representation theory and character
 theory of the symmetric group  at the turn of the 20th century 5 . Inn
this study, he showed that there is one irreducible representation  of
 corresponding to each partition  of n and that this correspondencen
gives all of the irreducible representations of  up to isomorphism.n
After this work, he also began a study of the representation theory and
 character theory of the alternating group  6 . In this study, he showedn
that there are branching rules when we restrict the irreducible representa-
tion of  to  . We denote by  the restriction of  to  . If  is˜n n   n
Žself-conjugate that is, a figure such as a Young diagram, symmetric along
.its diagonal , then  decomposes into the direct sum of two irreducible˜
representations whose degrees coincide. But these two representations are
mutually inequivalent. On the other hand, if  is non-self-conjugate, then
 is also irreducible and  is equivalent to  t where t is the transpose˜ ˜ ˜  
of . These representations consist of all of the irreducible representations
Ž .of  up to isomorphism Theorem 2.8 . The concrete construction ofn
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irreducible representations of  were given by Young. He gave irre-n
ducible representations of  in two ways, the ‘‘seminormal form’’ andn
Ž  .the ‘‘orthogonal form’’ for details, see 2 .
Ž . Ž .The Hecke algebra H q  H q of type A is considered as then  , n
 q-analogue of the group ring   of the symmetric group  , and itsn n
irreducible representations are constructed as in the case of  undern
some assumptions about the value of the parameter q. The seminormal
 form was given by Hoefsmit 10 , and the orthogonal form was given by
  Ž .Wenzl 17 . Much of the representation theory of H q was developedF , n
 by Dipper and James 4 , including the case that F is the field of
 positive-characteristic. However, a q-analogue of the group ring   hasn
not been studied before.
In this context, we define the new algebra over an arbitrary commutative
domain R by generators and relations. Let q be an invertible element of
Ž .R. Assume that q 1 is also an invertible element. Then  q isR , n
defined as follows.
Ž . Ž .DEFINITION 4.1. We define  q n 3 as the algebra over RR , n
generated by the elements a , a , . . . , a with the defining relations1 2 n2
q 1 2
3 2Ž .1. a  a  a  11 1 1ž /q 1
2. a2  1 for i 1i
q 1 2
3 2Ž . Ž . 43. a a   a a  a a  1 for i  2,i1 i i1 i i1 iž /q 1
3, . . . , n 2
Ž .2  4. a a  1 whenever i j  1.i j
Ž .For n 2, we define  q to be the algebra over R generated by onlyR , 2
the unit element.
In this relation, the quadratic relations are the same as those in the case
of  , but the cubic relations are slightly different. When we take q 1,n
Ž .the defining relations of  q coincide with those of  .R , n n
 The group ring   generated by the elementsn
 4s s 	 1
 i
 n 2 ,1 i1
where the s ’s are the basic transpositions, has dimension equal to half thati
  Ž .of   . On the other hand, the subalgebra of H q generated by then n
elements
 4g g 	 1
 i
 n 2 ,1 i1
Ž .where the g ’s are the generators of H q , has dimension more than halfi n
Ž .that of H q because of the quadratic relationsR , n
g 2  q 1 g  q , for i 1, 2, . . . , n 1,Ž .i i
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Ž .of H q . In order to define the subalgebra of the Hecke algebra in then
 1 Ž .1 general situation, we set R R   q, q , q 1 and take other0
Ž .generators f of H q as follows:i R , n0
2 g  q 1Ž .i
f  for i 1, 2, . . . , n 1.i q 1
˜ Ž . Ž .Using these generators, we define the subalgebra  q of H qR , n R , n0 0
generated by the following elements:
 4f f 	 1
 i
 n 2 .1 i1
˜ Ž . Ž . ŽThen,  q is free of rank exactly half of that of H q Theo-R , n R , n0 0
˜. Ž .rem 4.7 . Moreover, when we take R and the limit q 1,  q , n
 goes to   and the generator f f goes to s s . Therefore, wen 1 i1 1 i1
˜ Ž .consider  q as the q-analogue of the alternating group  . Further-R , n n0 ˜Ž . Ž . Ž .more, we show that  q is isomorphic to  q Theorem 4.9 .R , n R , n0 0
Hence we obtain the generators and the defining relations of the q-ana-
logue of the alternating group.
Ž . Ž .We also analyze the representations of  q  q . Using then  , n
Žsame notation as that in the case of  no confusion appears in thisn
. Ž .context , for the irreducible representation  of H q corresponding to n
Ž .the partition  of n we identify with a certain Young diagram , we denote
Ž .by  the restriction of  to  q . Except for some bad values of q, the˜  n
Ž . Ž .branching rules for   are also valid for H q  q . Moren n n n
precisely, if  is non-self-conjugate then  is irreducible. On the other˜
hand, if  is self-conjugate then  decomposes into two irreducible˜
components  and . The following statement is the main result for the˜ ˜ 
Ž . Žrepresentations of  q . The definitions of Young diagrams, self-con-n
jugacy, and  in the statement of the theorem are given in the nextn
.section.
THEOREM 5.5. Let q be a complex number such that q 0 and q is not a
kth root of unity with 1
 k
 n. Let  , t ,  , t , . . . ,  , t be non-self-1 1 2 2 p p
conjugate Young diagrams and  ,  , . . . ,  be self-conjugate Youngp1 p2 pq
diagrams within  . Then the representations  ,  , . . . ,  ,  ,˜ ˜ ˜ ˜n    1 2 p p1
 , . . . , ,  are irreducible and not equialent to each other. These˜ ˜ ˜  pqp1 pq
representations consist of all of the isomorphism classes of the irreducible
Ž . Ž .representations of  q . Hence,  q is semisimple.n n
We show this result by using relations of matrix elements of the
Ž .orthogonal form of the representations of H q . Thus, we get all of then
Ž .irreducible representations of  q up to isomorphism and show then
Ž .semisimplicity of  q , except for some bad values of q.n
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2. PRELIMINARIES
Let  be the symmetric group consisting of all of the permutations ofn
 4n things. Especially,  permutes n numbers 1, 2, . . . , n .  is gener-n n
Ž . Ž .ated by the elements s i 1, 2, . . . , n 1 , where s  i, i 1 is thei i
basic transposition, and has its defining relations as follows:
1. s2  1 for i 1, 2, . . . , n 1,i
2. s s s  s s s for i 1, 2, . . . , n 2,i i1 i i1 i i1
 3. s s  s s whenever i j  2.i j j i
 We note that   n!. For  , letn n
 s s  si i i1 2 r
be an expression of  . When  cannot be expressed by any form of
 s s  sj j j1 2 t
Ž .with t r, we call l   r the length of  and the expression
 s s  si i i1 2 r
the reduced expression of  .
Let  be the set of all Young diagrams with n boxes. We mean by an
 Young diagram   ,  , . . .  an array of n boxes with  boxes in1 2 n 1
the first row,  boxes in the second row, and so on, with      .2 1 2
For  , the number of rows in which there are nonzero boxes is calledn
Ž .the length of , and we denote by l  . We immediately observe that
      n. Formally, the Young diagram  is defined1 2 lŽ. n
by the subset of  as
i , j  	 1
 j
  , 1
 i
 l  . 4Ž . Ž .i
Ž .The element i, j is identified with the box at the ith row and jth column
of . We define a partial order 
 on the set of Young diagrams as
follows: Let  and  be Young diagrams. Then 
  if and only if
Ž . 
  for i 1, 2, . . . , l  . If 
  and   then we write  .i i
As is well known, for each Young diagram  there is an irre-n
ducible representation of  over the complex field  up to isomorphism,n
and all of the irreducible representations of  over  are parameterizedn
by elements of  .n
For  , we define the tableau of shape  to be an assignment of then
integers 1, 2, . . . , n to the n boxes of , each box receiving a different
integer. A tableau of shape  is said to be standard if the numbers
Ž .1, 2, . . . , n increase along the rows and the columns of . Let Tab  be
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Ž .the set of all tableaux of shape  and let STab  be the set of all standard
Ž . Ž .tableaux of shape . For T Tab  , we denote by T i, j the number
Ž .assigned to the box we say ‘‘the number on the box’’ at the ith row and
the jth column of T.
Ž . acts on Tab  as permutations of numbers on boxes. For n n
Ž .and T Tab  ,  acts on T as follows:
  T i , j   T i , j .Ž . Ž . Ž .Ž .
We claim that this action is simply transitive.
Ž .DEFINITION 2.1. Let T be a tableau of shape  and i, j the box at the
Ž .ith row and the jth column of T. Then the class of i, j is the value j i.
Ž . Ž .For k T i, j , we denote by  the class of i, j .k , T
From Definition 2.1, we have   0 for each standard tableau T.1, T
DEFINITION 2.2. Let k, l be numbers on boxes in a tableau T ; then the
axial distance d from k to l in T is defined asT , k , l
d     .T , k , l l , T k , T
It follows immediately from Definition 2.2 that
d d .T , k , l T , l , k
The following result is also obvious, so we omit its proof.
Ž .Ž .LEMMA 2.3. If T STab   , then d is nonzero for eachn T , k , k1
k with 1
 k
 n 1.
 Ž .4Let V be the complex vector space with basis  	 T STab  . We T
Ž . Ž . Ždefine the linear map  s for the elements s  i, i 1  i i i n
.1, 2, . . . , n 1 on V in three ways depending upon the positions that i
and i 1 occupy in the tableau T.
Ž .1. If i and i 1 appear in the same row,  s   . i T T
Ž .2. If i and i 1 appear in the same column,  s u   . i T T
Ž . Ž .3. Otherwise, we observe that s  T is also in STab  , and  si  i
acts on the subspace   of V defined by the matrixT s T i
2'	 1 	
,
2'1 	 	
Ž .1where 	 d .T , i, i1
THEOREM 2.4. For  and  such that  , we haen n
 4   . Moreoer, by the definition aboe,  	  is the set of all   n
isomorphism classes of irreducible representations of  .n
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 Proof. See, for example, 4, 7, 11 .
The above representations are called Young ’s orthogonal form of repre-
sentations of the symmetric group.
Let  be the alternating group, consisting of all even permutations:n
   	 l  is even . 4Ž .n n
As a fact, we can say that  is generated by the elementsn
² :  s s 	 1
 i
 n 2 .n 1 i1
   We note that  n!2  2.n n
Let x  s s for i 1, 2, . . . , n 2. Then the following fact is welli 1 i1
known.
PROPOSITION 2.5. For n 2,  has the generators x , x , . . . , x andn 1 2 n2
the following defining relations.
1. x 3  x 2    x 2  11 2 n2
Ž .32. x x  1 for i 2, 3, . . . , n 2i1 i
Ž .2  3. x x  1 wheneer i j  1.i j
For the irreducible representations  of  , we denote by  the˜ n 
Ž Ž .. trestriction of  to  . For  resp. T STab  , we mean by  n n
Ž t . tresp. T its transpose. When  , we say that  is self-conjugate.
Every irreducible representation of the alternating groups is realized
with the restriction of the irreducible representation of the symmetric
groups. Furthermore, there is a beautiful branching rule for the restriction
of irreducible representations of the symmetric groups to the alternating
 groups, which was discovered by Frobenius 6 . We state this rule without
   proof. For details, see 2 or 6 .
PROPOSITION 2.6. For eery non-self-conjugate  ,  is an irre-˜n 
ducible representation of  and    t .˜ ˜n  
PROPOSITION 2.7. For eery self-conjugate  ,  is the direct sum˜n 
  Ž . Ž .of two irreducible representations  and  with deg   deg  .˜ ˜ ˜ ˜   
THEOREM 2.8. Let  , t ,  , t , . . . ,  , t be non-self-conjugate Young1 1 2 2 p p
diagrams and  ,  , . . . ,  be self-conjugate Young diagrams withinp1 p2 pq
 . Then irreducible representations  ,  , . . . , ,  ,  , . . . , ,˜ ˜ ˜ ˜ ˜ ˜n      1 2 p p1 p1 pq
 are mutually inequialent and these consist of all of the isomorphism˜pq
classes of the irreducible representations of  .n
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3. YOUNG’S ORTHOGONAL FORM OF
REPRESENTATIONS OF THE HECKE ALGEBRA
Like the case of  , all isomorphism classes of irreducible representa-n
Ž .tions of the Hecke algebra H q over the field F of characteristic zeroF , n
are parameterized by the elements in  . Hoefsmit studied the character-n
 istic-zero case in terms of Young’s seminormal form 10 . Dipper and
James developed the representation theory of the Hecke algebra much
 more fully, including the positive-characteristic case 4 . In this section, we
Ž .will review Young’s orthogonal form of representations of H q , accord- , n
 ing to Wenzl’s paper 17 .
Since the manner of construction is similar to that in the case of  n
and we do not discuss representations of  any further, we will use then
same notation as in the case of  .n
Let R be a commutative domain with 1, and let q be an invertible
Ž .element of R. We will mean by the Hecke algebra H q of type AR , n n1
the algebra over R with generators 1, g , g , . . . , g and the defining1 2 n1
relations
2 Ž .1. g  q 1 g  q for i 1, 2, . . . , n 1,i i
2. g g g  g g g for i 1, 2, . . . , n 2,i i1 i i1 i i1
 3. g g  g g whenever i j  2.i j j i
Ž .  When R and q is not a root of unity, it is known that H q   . , n n
Ž . Ž .For simplicity, we write H q instead of H q .n  , n
Ž .Let g g g  g be an expression of g H q . If g g  gi i i R , n i i i1 2 k 1 2 k
cannot be expressed by any linear combination whose terms are products
of at most k 1 generators, then we say g g  g is a reducedi i i1 2 k
expression and k is the length of g.
 We denote g g  g , with i 2, 3, . . . , n, and d  0, i 1 byi1 i2 id i
 U . Then we have the following well-known fact 9 .i, d i
Ž .PROPOSITION 3.1. H q is free of rank n! as an R-module, with theR , n
basis
U U  U  U 	 d , d , . . . , dŽ . 2, d 3, d i , d n , d 2 3 n2 3 i n
      0, 1  0, 2   0, n 1 4
Žwhere the ith contribution is to be included only if d  1, and U U i 2, 0 3, 0
Ž ..U is the unit element in H q .n, 0 R , n
Let R be the algebra defined by0
11R   q , q , q 1 ,Ž .0
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where q is an indeterminate. We introduce another presentation of
Ž . Ž . Ž .H q . Let f i 1, 2, . . . , n 1 be the elements of H q as follows:R , n i R , n0 0
2 g  q 1Ž .i
f  for i 1, 2, . . . , n 1.i q 1
Ž .PROPOSITION 3.2. These generate H q and constitute with the rela-R , n0
tions
1. f 2  1 for i 1, 2, . . . , n 1,i
q 1 2
Ž .2. f f f  f f f  f  f for i 1, 2, . . . ,i i1 i i1 i i1 i1 iž /q 1
n 1, and
 3. f f  f f wheneer i j  2,i j j i
Ž .a presentation of H q .R , n0
Proof. A straightforward computation.
 We denote f f  f , with i 2, 3, . . . , n, and d  0, i 1 , byi1 i2 id ii
U  . In the same way as was done for Proposition 3.1, we can show thei, d i
following.
Ž .PROPOSITION 3.3. H q is free of rank n! as an R -module, with theR , n 00
basis
U  U   U   U  	 d , d , . . . , dŽ . 2, d 3, d i , d n , d 2 3 n2 3 i n
      0, 1  0, 2   0, n 1 4
Ž  where the ith contribution is only to be included if d  1, and U U i 2, 0 3, 0
 Ž ..U is the unit element in H q .n, 0 R , n0
Proof. Expanding U  U   U   U  with g ’s, the term which2, d 3, 3 i, d n, d i2 3 i n
has the longest length is the nonzero scalar multiplication of U U 2, d 3, d2 3
U  U from the definition of f ’s. Hence U  U   U  i, d n, d i 2, d 3, d i, di n 2 3 i Ž .U ’s are linearly independent and constitute a basis of H q .n, d R , nn 0
We shall now review the orthogonal form of the representations of
Ž .  Ž .4H q . Let V be the complex vector space with basis  	 T STab n  T
Ž . Ž .for  . We define the -linear map  g for elements g  H q onn  i i n
V in three ways, depending upon the position that i and i 1 occupy in
the tableau T.
Ž .1. If i and i 1 appear in the same row,  g   q . i T T
Ž .2. If i and i 1 appear in the same column,  g   . i T T
Ž .3. Otherwise, we observe that s  T is also in STab  and thati
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Ž . g acts on the subspace   of V defined by the matrix i T s T i
d d1 d1'q 1 q q 1 q 1 qŽ . Ž . Ž .1
,d d1 d11 q 'q 1 q 1 q  1 qŽ .Ž . Ž .
where d d is the axial distance from i to i 1 in T.T , i, i1
When q 0 and q is not a kth root of unity with 1
 k
 n 1, this
matrix is always well defined because of Lemma 2.3. Furthermore, at the
limit q 1, the above matrix becomes
1 2'd 1 d
,
2 1'1 d d
which is the Young orthogonal form of the representations of  . Hencen
we can say that the above matrix is valid for q 1.
THEOREM 3.4. Let q be a complex number such that q 0, q is not a kth
root of unity for 1 k
 n, and  such that  . Then we haen
 4   . Moreoer, by the definition aboe,  	  contains all iso-   n
Ž .morphism classes of the irreducible representations of H q .n
Next, we shall give some relations of the representation matrix between
 and  t . The following proposition is obvious by the definition of  .  
PROPOSITION 3.5. The following relations between  and  t hold for 
eery  :n
Ž . Ž .t t t1. If  g   q , then  g   . i T T  i T T
Ž . Ž .t t t2. If  g   , then  g   q . i T T  i T T
t Žt . Ž .t3. Otherwise, we obsere that s  T is also in STab  and that  gi  i
leaes inariant the subspace  t  t of Vt . On the subspace  t T s  T  Ti
Ž .t t ,  g is described by the matrixs  T  ii
d1 d1' 1 q  q 1 q 1 qŽ . Ž . Ž .1
,d d1 d1 d1 q ' q 1 q 1 q q 1 qŽ .Ž . Ž .
where d d is the axial distance from i to i 1 in T.T , i, i1
Ž .Let us assume that q1. Then we can define f ’s in H q . From thei n
definition of  and Proposition 3.5, we observe the following.
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PROPOSITION 3.6. Let q be a complex number such that q 0 and q is
not a kth root of unity for 1 k
 n. Then the following relations between 
and  t hold for eery  : n
Ž . Ž .t t t1.  f   and  f   if i and i 1 appear in the i T T  i T T
same row of T.
Ž . Ž .t t t2.  f   and  f   if i and i 1 appear in the i T T  i T T
same column of T.
Ž .3. Otherwise, the representation matrix of  f acting on the subspace i
Ž . Ž .t tof V spanned by  ,  and  f acting on the subspace of V spanned T s T  i i
Ž .t tby  ,  is gien byT s  Ti
A B A B
t f   f  ,Ž . Ž . i  iB A B A
where
1 q 1 q dŽ . Ž .
A d1 q 1 qŽ . Ž .
d1 d1'2 q 1 q 1 qŽ . Ž .
B d1 q 1 qŽ . Ž .
d d .T , i , i1
Ž .4. THE ALGEBRA  q AND ITS PROPERTIESR , n
Ž .In this section, we introduce a new algebra  q over an arbitraryR , n
commutative domain R. Comparing it with the basic relations of  n
Ž .shown in Proposition 2.5, the quadratic relations of  q are the same asn
in the case of  , but the cubic relations are slightly different. We shalln
Ž .give some properties of  q first.n
On the other hand, we observe from Proposition 3.2 that the parity of
length of each expression by f ’s is preserved even if we choose anotheri
Ž .expression. To be exact, if an expression of even resp. odd length is
expressed in a linear combination of other expressions, then the length of
˜Ž . Ž .each term is even resp. odd . So we can consider the subalgebra  qR , n0
generated by all elements of even length like the case of the alternating
groups. We shall show that this subalgebra is free of rank half that of
˜Ž . Ž . Ž .H q . Finally, we shall show that  q is isomorphic to  q .R , n R , n R , n0 0 0
Ž .Hence we can conclude that  q is a q-analogue of  .R , n n0
Let R be a commutative domain with 1, and let q be an invertible
element of R. Assume that q 1 is also an invertible element. Now we
Ž .define the new algebra  q .R , n
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Ž . Ž .DEFINITION 4.1. We define  q n 3 to be the algebra over RR , n
generated by the elements a , a , . . . , a with the defining relations1 2 n2
q 1 2
3 2Ž .1. a  a  a  1.1 1 1ž /q 1
2. a2  1 for i 1.i
q 1 2
3 2Ž . Ž . 43. a a   a a  a a  1 for i  2,i1 i i1 i i1 iž /q 1
3, . . . , n 2.
Ž .2  4. a a  1 whenever i j  1.i j
Ž .For n 2, we define  q to be the algebra over R generated byR , 2
only the unit element.
From Definition 4.1, we get the following immediately.
Ž .LEMMA 4.2. The following relations hold for  q :R , n
q 1 2
1 2 Ž .1. a  a  a  1 .1 1 1ž /q 1
2. a1  a for i 2, 3, . . . , n 2.i i
q 1 2
1 Ž .3. a a a  a a a  a  a for i  2,i1 i i1 i i1 i i1 iž /q 1
3, . . . , n 2.
q 1 2
1 1 1Ž .4. a a a  a a a  a  a for i  2,i i1 i i1 i i1 i i1ž /q 1
3, . . . , n 2.
5. a a  a1a , a a  a a1 for i 2.i 1 1 i 1 i i 1
 6. a a  a a wheneer i j  1 and i, j 1.i j j i
Proof. A straightforward computation.
Ž .PROPOSITION 4.3. For n 3,  q is generated by the monomialsR , n
with at most one occurrence of a as an R-module.n2
Ž .Proof. For n 4, let M be a monomial in  q with at least twoR , 4
occurrences of a . Displaying two consecutive occurrences of a in M, we2 2
write MM a M a M , where we can assume that M is a monomial in1 2 2 2 3 2
a , which may be 1 or a or a2. For the first case, a 1a  1. For the1 1 1 2 2
second case, from the fourth relation of Lemma 4.2,
2q 1
1 1 1a a a  a a a  a  a .Ž .2 1 2 1 2 1 2 1ž /q 1
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Hence we get the desired form. For the third case, from the first and third
relations of Lemma 4.2,
2q 1
2 1a a a  a a  a  1 aŽ .2 1 2 2 1 1 2½ 5ž /q 1
2 2q 1 q 1
 a a a  a  a  a a a  1 .Ž . Ž .1 2 1 1 2 2 1 2ž / ž /q 1 q 1
Applying the second case to the term a a a , we get the desired form for1 2 1
the third case. Thus we complete the proof for n 4.
Ž .Next, let M be a monomial in  q with at least two occurrences ofR , n
a . Displaying two consecutive occurrences of a in M, we writen2 n2
MM a M a M , where we can assume that M is a monomial in1 n2 2 n2 3 2
a , a , . . . , a . We can assume by induction that M contains a at1 2 n3 2 n3
most once. If M does not contain a at all, then by relations 2.5.6 of2 n3
Lemma 4.2,
MM M  a2 M M M  M1 2 n3 3 1 2 3
 Ž .for some M  q . In this case, a disappears. If M contains2 R , n1 n3 2
a exactly once, we can write M M a M with M , M inn3 2 4 n3 5 4 5
a , a , . . . , a and then, by Relations 5 and 6 of Lemma 4.2.1 2 n4
MM a M a M a M M M  a a a M M1 n2 4 n3 5 n2 3 1 4 n2 n3 n2 5 3
  Ž .for some M , M  q . By Relation 4 of Lemma 4.2,4 5 R , n1
2q 1
 1 1 1MM M a a a  a  a M M ,Ž .1 4 n3 n2 n3 n2 n3 5 3½ 5ž /q 1
reducing the number of occurrences of a .n2
Consider the following sets of monomials:
S  1, a , a2 41 1 1
2S  1, a , a a , a a 42 2 2 1 2 1
...
2S  1, a , a a , . . . , a a  a a , a a  a a 4i i i i1 i i1 2 1 i i1 2 1
...
2S  1, a , a a , . . . , a a  a a , a a  a a . 4n2 n2 n2 n3 n2 n3 2 1 n2 n3 2 1
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We shall say that M U U  U is a monomial in normal form in0 1 2 n2
Ž . q , if U  S for i 1, 2, . . . , n 2. There are n!2 monomials inR , n i i
Ž .normal form in  q .R , n
Ž .PROPOSITION 4.4. The monomials in normal form in  q generateR , n
Ž . Ž . q as an R-module. In particular,  q is free of rank at most n!2.R , n R , n
Proof. The proof will be by induction. For n 3, it is obvious. Let M
Ž . Ž .be an element in  q . If M contains no a , then M  q .R , n n2 R , n1
Hence, by the induction assumption, M is expressed by a linear combina-
Ž .tion of monomials in normal form in  q . If M contains a , then byR , n n2
Ž .Proposition 4.3 we can write MM a M , where M , M  q .1 n2 2 1 2 R , n1
By induction, M is a linear combination of monomials of the form2
U U  U with U  S for i 1, 2, . . . , n 3. By Relations 5 and 6 of1 2 n3 i i
Lemma 4.2, we have
M a U U  U M a U1 n2 1 2 n3 1 n2 n3
 Ž . for some M in  q . By induction again, M is a linear combination1 R , n1 1
of monomials of the form U U  U with U  S . Thus M is a linear1 2 n3 i i
combination of monomials U U  U , as desired.1 2 n2
Ž .We set y  f f for 1
 i
 n 2 in H q . We define the subal-i 1 i1 R , n0˜ Ž . Ž .gebra  q of H q as follows.R , n R , n0 0
˜ Ž .DEFINITION 4.5. Let n 3 and q1; we define  q to be theR , n0
Ž .subalgebra of H q generated by y with 1
 i
 n 2.R , n i0
˜ Ž .To be consistent with the alternating group  , we set  q to be2 R , 20
Ž .the subalgebra of H q generated by the unit element.R , 20
˜ Ž .PROPOSITION 4.6.  q consists of all elements whose terms haeR , n0
een length in the expression f with 1
 i
 n 1.i
Proof. From Proposition 3.2, the multiplication of two monomial ele-
ments of even length is expressed by elements whose terms have even
Ž .length. Hence it is enough to see that f f for 1
 j, k
 n 1, j kj k
˜ Ž .belong to  q . If j 1 and k 1 or j 2 and k 1, then f f is aR , n j k0
˜ Ž .generator of  q . For j 2 and k 2, f f f f  f f by Proposi-R , n 1 j 1 k j k0
tion 3.2. For j 2, we obtain from Proposition 3.2 that
2q 12f f  f f f f  f f  f f f f .Ž . Ž .2 k 1 2 1 k 1 k 1 2 1 kž /q 1
Thus, we have completed the proof.
˜ Ž .THEOREM 4.7.  q is free of rank n!2 as an R -module.R , n 00
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Ž .Proof. Consider the following basis of H q as in Proposition 3.3:R , n0
U  U   U   U  	 d , d , . . . , dŽ . 2, d 3, d i , d n , d 2 3 n2 3 i n
      0, 1  0, 2   0, n 1 .4
Then exactly n!2 elements have even length in the above set. Hence we
˜ Ž .have that  q is free of rank n!2 as an R -module.R , n 00
˜Ž . Ž .Next we shall show that  q is isomorphic to  q .R , n R , n0 0
PROPOSITION 4.8. The following relations hold for y with 1
 i
 n 2:i
q 1 2
3 2Ž .1. y  y  y  1.1 1 1ž /q 1
2. y2  1 for i 1.i
q 1 2
3 2Ž . Ž . 43. y y   y y  y y  1 for i  2,i1 i i1 i i1 iž /q 1
3, . . . , n 2.
Ž .2  4. y y  1 wheneer i j  1.i j
Proof. Relations 2 and 4 are obvious. For Relation 1,
3y  f f f f f fŽ .1 1 2 1 2 1 2
2q 1
 f f  1 f f f fŽ .2 1 1 2 1 2½ 5ž /q 1
2q 1 2 1 f f  f fŽ . 41 2 1 2ž /q 1
2q 1
2 y  y  1.Ž .1 1ž /q 1
For Relation 3,
3y y  f f f f f f f f f f f fŽ .i1 i 1 i 1 i1 1 i 1 i1 1 i 1 i1
 f f f f f f f f1 i i1 i i1 i 1 i1
2q 1
 f f f f  f f  f f f f f fŽ .1 i1 i i1 1 i1 1 i i1 i 1 i1½ 5ž /q 1
2q 1
 1 f f f f  f f f f f fŽ .1 i 1 i1 1 i i1 i 1 i1ž /q 1
2q 1 2 1 y y  y y .Ž . 4i1 i i1 iž /q 1
Thus we have completed the proof.
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˜Ž . Ž .THEOREM 4.9.  q is isomorphic to  q as an algebra oer R .R , n R , n 00 0
˜Ž . Ž . Ž .Proof. Consider the map 
 :  q  q such that 
 a  y .R , n R , n i i0 0

 defines a homomorphism of algebras. We immediately observe that this
Ž .map is surjective. Hence it is enough to see that the rank of  q is noR , n0˜ Ž .more than the rank of  q , but this was already shown in PropositionR , n0
4.4 and Theorem 4.7.
Ž .5. REPRESENTATIONS OF  qn
Ž . Ž .From now on, we write  q instead of  q for simplicity if wen  , n
Ž .take R. In this section, we analyze representations of  q byn
Ž .restricting the representations we know from H q . There is a closen
relationship between representations of  and those of  alreadyn n
Ž .shown in Section 2. We will see this phenomenon in the case of H q andn
Ž . Ž . q . For irreducible representations  of H q , we denote by  the˜n  n 
Ž . Ž .restriction of  to  q . For g q , n n
 g   g   ,Ž .˜ Ý T T , T  T 
Ž .T STab 
 Ž .where the g ’s are complex numbers. For T , T  STab  , there existsT , T 
Ž . such that   T T . We define the distance d T , T  from T ton
Ž .T  by l  .
Ž .LEMMA 5.1. For g q ,n
g t t
t  g T , T  T , T 
Proof. It is enough to prove the lemma for the case g y 	 1
 i
 ni
4 2 . The element f acts on  in three ways, according to where ‘‘i’’ andi T
‘‘i 1’’ appear in the standard tableau T. Hence, for the action of
y  f f , we must consider the places of 1, 2, i 1, and i 2. Since T isi 1 i1
a standard tableau, 1 and 2 are in either the same row or the same column
of T. If i 1 then f and f commute. If i 1 then f and f do not1 i1 1 2
commute and the action of y is more complicated. So we show equalities1
of matrix elements in each case.
The Case i 1.
Ž .1. If 1 and 2 appear in the same row resp., column of T , and i 1
Ž .and i 2 also appear in the same row resp., column of T , then 1 and 2
Ž . tappear in the same column resp., row of T and i 1 and i 2 also
Ž . tappear in the same column resp., row of T. In this case, we easily get
Ž . Ž .t t t y   and  y   .˜ ˜ i T T  i T T
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Ž .2. If 1 and 2 appear in the same row resp., column of T , and i 1
Ž .and i 2 appear in the same column resp., row of T , then 1 and 2
Ž . tappear in the same column resp., row of T , and i 1 and i 2 appear
Ž . t Ž .in the same row resp., column of T. In this case, we easily get  y  ˜ i T
Ž .t t t and  y   .˜T  i T T
Ž .3. If 1 and 2 appear in the same row resp., column of T , and i 1
and i 2 appear in neither the same row nor the same column of T , then
Ž . t1 and 2 appear in the same column resp., row of T. Using the notation of
the end of Section 3, set
A B
 f Ž .˜ i1 B A
for the action of f on the basis elements  ,  . Then we geti1 T s Ti1
 y   A  B resp.,A  B ,Ž .˜ Ž . i T T s T T s Ti1 i1
 t y  t  A t  B t resp.,A t  B t .Ž .˜ Ž . i T T s  T T s  Ti1 i1
The Case i 1. By exchanging T and tT , we observe that it is enough
to check only in two cases: 1, 2, and 3 appear in the same row, and 1 and 2
appear in the same row and 1 and 3 appear in the same column.
1. If 1, 2, and 3 appear in the same row of T , then 1, 2, and 3 appear
t Ž .in the same column of T. In this case, we easily get  y   and˜ 1 T T
Ž .t t t y   .˜  1 T T
2. If 1 and 2 appear in the same row and 1 and 3 appear in the same
column of T , then 1 and 2 appear in the same column and 1 and 3 appear
in the same row of tT. We observe that f acts on  ,  ,  t , and  t1 T s T T s T2 2
as a scalar multiplication. Using the notation from the end of Section 3, set
A B
 f Ž .˜ 2 B A
for the action of f on the basis elements  ,  . Then we get2 T s T2
 y   A  B ,Ž .˜ 1 T T s T2
 t y  t  A t  B t .Ž .˜  1 T T s  T2
PROPOSITION 5.2. For  ,n
   t .˜ ˜ 
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Proof. From Lemma 5.1, the representation matrices of  and  t for˜ ˜ 
Ž .the generators of  q coincide. Therefore, the above statement holds.n
For  with n 1, we setn

STab   T STab  	 T 1, 2  2 , 4Ž . Ž . Ž .

STab   T STab  	 T 2, 1  2 . 4Ž . Ž . Ž .
Ž . Ž . Ž .Then, STab  is a disjoint union of STab  and STab  . If  is
Ž . t Ž .self-conjugate, then T STab  if and only if T STab  ; there-
Ž . Ž .fore, STab  corresponds to STab  one-to-one and onto by mapping
TtT.
˜Let  be self-conjugate. Let V be the representation space of  . Now,˜ 
˜ ˜ ˜we will introduce two subspaces of V , V , and V as follows:  
˜
tV    Ž . T T
Ž .TSTab 
˜
tV     .Ž . T T
Ž .TSTab 
˜ ˜ ˜Then V is a direct sum of V and V as vector spaces over .  
˜ ˜PROPOSITION 5.3. Let  be self-conjugate. Then V and V aren  
˜ ˜Ž . Ž . q -submodules of V , and V has a  q -submodule decomposition asn   n
follows:
˜ ˜ ˜V  V  V as a  q -module.Ž .   n
Ž . Ž .Proof. Let g q . We set T STab  . From Lemma 5.1, we getn
˜
tthe following calculation for the element   of V :T T 
 g   tŽ . Ž .˜ T T
 g    tŽ .Ý T T  T  T 
Ž .T STab 
 g    t  g    tŽ . Ž .Ý ÝT T  T  T  T T  T  T 
 Ž . Ž .T STab  T STab 
 g    t  g t   tŽ . Ž .Ý ÝT T  T  T  T T  T  T 
 Ž . Ž .T STab  T STab 
 g   g t   t .Ž .Ž .Ý T T  T T  T  T 
Ž .T STab 
˜Ž .Ž .tThus,  g   is in V .˜ T  T 
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Similarly, we get the following calculation for the element   tT  T 
˜of V :
 g   t  g   g t   t .Ž . Ž . Ž .˜ Ž .Ý T T T T  T T  T  T 
Ž .T STab 
˜Ž .Ž .tThus,  g   is in V .˜ T T 
 ˜Ž .We denote by  the representation of  q corresponding to V and˜ n 
 ˜of  corresponding to V .˜ 
Ž .Next, we will show that these representations are irreducible and  qn
˜ t˜is semisimple. Let  be non-self-conjugate. Then V and V aren  
˜ ˜Ž . tisomorphic as  q -modules and the direct sum V  V has anothern  
decomposition as  vector spaces,
˜ ˜ ˜ ˜tV  V  V  V ,   
˜ ˜where V and V are defined as 
˜
tV     ,Ž . T T
Ž .TSTab 
˜
tV     .Ž . T T
Ž .TSTab 
PROPOSITION 5.4. If  is non-self-conjugate, then the aboe decomposi-
˜ t˜tion of V  V , 
˜ ˜ ˜ ˜tV  V  V  V ,   
Ž .is a submodule decomposition of  q .n
˜ ˜ ˜t tProof. For    V  V  V , we consider the direct sum of theT T   
Ž .tirreducible representations  and  . For g q , we have from˜ ˜  n
Lemma 5.1 the following:
   t g   t  g    t .Ž . Ž . Ž .˜ ˜Ž . Ý  T T T T  T  T 
Ž .T STab 
˜Ž .Ž .Ž .t tThus,    g   is in V .˜ ˜  T T 
˜A similar calculation is valid for V ; hence we omit it.
THEOREM 5.5. Let q be a complex number such that q 0 and q is not
a kth root of unity with 1
 k
 n. Let  , t ,  , t , . . . ,  , t be non-1 1 2 2 p p
self-conjugate Young diagrams and  ,  , . . . ,  be self-conjugatep1 p2 pq
Young diagrams within  . Then representations  ,  , . . . ,  ,˜ ˜ ˜n   1 2 p
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 , , . . . , , are irreducible and not equialent to each other.˜ ˜ ˜ ˜   p1 p1 pq pq
These representations consist of all isomorphism classes of irreducible represen-
Ž . Ž .tations of  q . Hence,  q is semisimple.n n
Ž .Proof. At first, we will show the semisimplicity of  q under then
assumptions of irreducibilities and the mutual inequalities of these repre-
sentations. We consider the map
 : x q   x    x   x   x  Ž . Ž . Ž . Ž . Ž .˜ ˜ ˜ ˜ ˜n n    1 p p1 p1
  x   x .Ž . Ž .˜ ˜ pq pq
Ž .Then, by theorems of Burnside and Frobenius and Schur,  q has an
Ž Ž ..quotient   q isomorphic to the semisimple algebra End V where˜n n 
V runs over irreducible representation spaces listed in the statement of the
theorem.
This semisimple algebra has dimension n!2 and we have already shown
Ž . Ž .that  q has dimension n!2, thus  q is isomorphic to End V andn n 
semisimple.
Next, we will show the irreducibilities and mutual inequalities of these
representations by induction.
Ž .For n 2, these are obvious. Indeed,  q is generated by the unit2
element, and both  and  2 are identity maps.˜ ˜Ž2. Ž1 .
For n 3,  and  3 are identity maps and˜ ˜Ž3. Ž1 .
˜ ˜ ˜V  V  V ,Ž2, 1. Ž2 , 1. Ž2 , 1.
where
˜
tV   Ž .Ž2, 1. T T
˜
tV    ,Ž .Ž2, 1. T T
with the standard tableau T as follows:
T 1, 1  1 T 1, 2  2 T 2, 1  3.Ž . Ž . Ž .
We get the following from the Proof of Lemma 5.1 and Proposition 5.3:
2 2'1 q  2 q 1 q qŽ .
	
t t y  	    	  ,Ž . Ž . Ž .˜Ž2, 1. 1 T T T T21 qŽ .
2
2 2'1 q  2 q 1 q qŽ .
	 2
t t y  	    	  .Ž . Ž .˜ Ž .Ž2, 1. 1 T T T T2½ 51 qŽ .
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Since every representation has degree 1, these representations are irre-
ducible. Moreover, since q is neither 0 nor the k th root of unity with
2'1
 k
 3, we immediately have that q 1 q q is nonzero. HenceŽ .
they are mutually inequivalent.
Ž .Let n 3. By the induction assumption,  q is a semisimplen1
algebra with the central primitive idempotents z  , z  , . . . , z  , z  ,    11 2 p p
z  , . . . , z  , z  with  , . . . ,   .  , . . . ,  are non-self-    1 pq n1 1 p1 qp pq  p
conjugate, and  , . . . ,  are self-conjugate.p1 pq
Let  be non-self-conjugate. Let us recall the partial order 
 n
Ž .if and only if  
  for i 1, 2, . . . , l  . There is no diagram i i n1
such that  is non-self-conjugate and   and t . Indeed, for such
a diagram, we immediately obtain that t t and  t. Hence, t ,
˜ Ž .but this is a contradiction. When we restrict V to the  q -module, we n1
can write, by induction,
˜ ˜ ˜ ˜ ˜ ˜    V  V  V   V  V   V ,     i i i i i1 2 r r1 rs
where the  ’s are all elements in  such that   . We supposei n1 ij j
that  ,  , . . . ,  are non-self-conjugate and  , . . . ,  are self-con-i i i i i1 2 r r1 rs
jugate. If s 1 then  can be obtained from  by adding one boxi ir2 r1
and removing another box because both  and  are obtained fromi ir1 r2
 by removing one box. But it is impossible to add one box and remove
another box while maintaining self-conjugacy. Thus we can conclude that s
is at most 1. We can write, by induction,
˜ ˜ ˜ ˜  V  V  V   V   i i i1 2 r
or
˜ ˜ ˜ ˜ ˜ ˜    V  V  V   V  V  V ,     i i i i i1 2 r r1 r1
Ž .with each subspace an irreducible  q -module inequivalent to anyn1
˜ ˜other. For ,   such that   and   , there is exactly onen1

 
  
 ˜ Ž .  such that    and   . Let T STab  be such thatn2
the tableau obtained from T by removing the nth box is of shape  and
Ž .the tableau obtained from T by removing the nth box and the n 1 th
˜ Ž .box is of shape . Similarly, let T STab  be such that the tableau
˜ ˜obtained from T by removing the nth box is of shape  and the tableau
˜ Ž .obtained from T by removing the nth box and the n 1 th box is of
shape .
˜If  is non-self-conjugate, then   V , and we getT 
 y   A  B .Ž .˜ ˜ n2 T T T
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Since q 0 and q is not a k th root of unity with 1
 k
 n, B is well
˜defined and nonzero. If  is non-self-conjugate, then
˜ z  y   B  V .Ž . Ž .˜ ˜˜ ˜ ˜   n2 T T 
˜If  is self-conjugate, then as the submodule decomposition
˜ ˜ ˜V  V  V ,˜ ˜ ˜  
we can write  asT˜
1 1
˜ ˜       ,Ž . Ž .˜ ˜ ˜ ˜ ˜T T T T T2 2
˜ ˜˜ ˜Ž .where T STab  is such that the tableau obtained from T by removing
˜˜ ˜the nth box is of shape  and the tableau obtained from T by removing
t ˜Ž . ˜the nth box and the n 1 th box is of shape .    V and˜ ˜ ˜T T 
˜˜   V . Hence˜ ˜ ˜T T 
B
 ˜˜ z  y      V ,Ž .Ž . Ž .˜ ˜˜ ˜ ˜ ˜   n2 T T T 2
B
 ˜˜ z  y      V .Ž .Ž . Ž .˜ ˜˜ ˜ ˜ ˜   n2 T T T 2
˜ ˜If  is self-conjugate, then other Young diagrams  with  n1
˜ ˜are non-self-conjugate. We set    V and    V , whereˆ ˆT T  T T 
ˆ ˆŽ .T STab  is such that the tableau obtained from T by removing the
ˆnth box is of the shape  and the tableau obtained from T by removing
Ž . tthe nth box and the n 1 th box is of shape . Then we get that
 y    A  B   y Ž . Ž . Ž . Ž .˜ ˜˜ ˜ ˜ n2 T T T T  n2 T
˜ Ž .Ž .and elements in V do not appear in  y  . Hence,˜˜ ˆ  n2 T
˜ z  y    B  VŽ . Ž . Ž .˜ ˜˜ ˆ ˜ ˜   n2 T T T 
is nonzero.
˜The same discussion is valid for    V , and we getˆT T 
˜ z  y    B  V .Ž . Ž . Ž .˜ ˜˜ ˆ ˜ ˜   n2 T T T 
˜ ˜ Ž .Because  is arbitrary with  , every  q -submodule W ofn1 n
˜ ˜ ˜V includes whole V ; therefore V is irreducible.  
HIDEO MITSUHASHI556
˜ Ž .Let  be self-conjugate. When we restrict V to the  q -mod-n  n1
ule, we can write by induction that
˜ ˜ ˜ ˜ ˜ ˜ ˜     t tV  V  V   V  V  V   V ,      i i i i i i1 1 r r r1 rs
where the  ’s are the same as in the non-self-conjugate case and s is ati j
most 1. We set for j,,
˜ j ˜ j ˜ j ˜ j  V  V   V   V ,   i i i1 r rs
˜Ž . where each direct summand is an irreducible  q -module with V n1  i1˜ ˜ ˜ ˜ ˜Ž .    V , . . . , V  V , and if they exist V , V are mutually inequivalent    i i i i i1 r r r1 r1
to each other by induction. Hence, from Proposition 5.3, we can write
˜ ˜ ˜V  V  V .  
˜ ˜For ,  such that   and  , there is exactly onen1
˜ Ž .  such that    and   . Let T STab  be such thatn2
the tableau obtained from T by removing the nth box is of shape  and
Ž .the tableau obtained from T by removing the nth box and the n 1 th
˜ Ž .box is of shape . Similarly, let T STab  be such that the tableau
˜ ˜obtained from T by removing the nth box is shape  and the tableau
˜ Ž .obtained from T by removing the nth box and the n 1 th box of
shape .
˜
tFor    V ,T T 
 y   t  A  B  A t  B tŽ . Ž .˜ ˜ ˜ n2 T T T T T T
 A   t  B   t ,Ž . Ž .˜ ˜T T T T
˜Ž .twhere B   is a nonzero element in V . Hence,˜ ˜ ˜T T 
˜
t t z  y    B    V .Ž . Ž . Ž . Ž .˜ ˜˜ ˜ ˜ ˜   n2 T T T T 
˜ ˜ Ž .Because  is arbitrary with  , every  q -submodule W ofn1 n
˜ ˜ ˜V includes whole V ; hence V is irreducible. The same argument is  
˜ ˜
tvalid for the case in which    V . Thus the irreducibilities of VT T  
˜and V are proved.
˜ Ž .Finally, we show the inequivalencies of V ’s as  q -modules. If  is n
self-conjugate, then there is at most one self-conjugate  in  or n1 n2
˜ ˜such that  . In this case, V has a direct summand V and does not 
˜ ˜Ž . Ž .have V , as an  q or an  q -module, and V has a direct n1 n2 
˜ ˜ Ž . Ž .summand V , and does not have V as an  q or an  q -mod-  n1 n2
˜ ˜ule. On the other hand, if  is non-self-conjugate, then V has both V˜ 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˜ ˜ ˜ ˜ ˜ ˜and V or has neither V nor V . Hence, V , V , and V are mutually     
inequivalent.
Next, we consider the case that different Young diagrams  and  are
both self-conjugate or the case that different Young diagrams  and  are
both non-self-conjugate with t . In the former case, the set of all
 such that   does not coincide with the set of all n1 n1
˜ ˜ Ž .such that  . Hence, V and V are inequivalent already as  q -  n1
˜ ˜ ˜ ˜ ˜Ž .modules. Since V  V as an  q -module and V  V  V as an  n1   
˜	 ˜	Ž . q -module, V and V are mutually inequivalent already asn1  
Ž . t q -modules. In the latter case, the set of all ,  such thatn1 n1
  does not coincide with the set of all , t such thatn1
˜ ˜ Ž . . Hence, V and V are mutually inequivalent already as  q -  n1
modules.
Ž .Finally, we shall show the multiplicity of the irreducible H q -module Vn 
HnŽq. ˜ ˜Ž . Ž .in the induced module Ind V , where V is an irreducible  q - Žq. nn
module. We use the following proposition, known as the Nakayama rela-
tion.
PROPOSITION 5.6. If S is a subring of a ring R, M is an R-module, and N
is an S-module, then there is a natural homomorphism
Hom N , ResR M Hom IndR N , M .Ž . Ž .Ž . Ž .S S R S
 Proof. See, for example, 1 .
Using Proposition 5.6 and Schur’s Lemma, we have the following.
PROPOSITION 5.7. If  is non-self-conjugate then the followingn
holds:
HnŽq. ˜ tInd V  V  V .Ž . Žq.   n
If  is self-conjugate then the following holds:n
HnŽq. ˜ HnŽq. ˜Ind V  Ind V  V .Ž . Ž . Žq.   Žq.  n n
Proof. Directly from Proposition 5.6 we have that
HnŽq. ˜ ˜ HnŽq.Hom Ind V , V Hom V , Res VŽ .Ž . ž /ž /H Žq.  Žq.    Žq.   Žq. n n n n
˜and Schur’s Lemma means that its dimension is the multiplicity of V in
 nŽq.Ž . Ž .the restriction Res V . Multiplicities of irreducible  q -modules inH Žq.  nn
Ž .the restrictions of irreducible H q -modules are already shown in Proposi-n
tion 5.2 and Theorem 5.5 for the non-self-conjugate case and in Proposi-
tion 5.3 and Theorem 5.5 for the self-conjugate case.
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